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Abstract

Purpose: Accurate estimation of blood vessel tortuosity from medical images is an
extremely important and challenging task. It is particularly relevant in the context of
retinopathy of prematurity (ROP), where the staging of disease severity and conse-
quent therapeutic approaches are heavily informed by the presence and prominence
of vessel tortuosity. Existing methods based on centerline or skeleton curvature fail to
capture curvature gradients across a rotating tubular structure, thereby limiting their
effectiveness in the case of ROP.

Design: A methodological study with validation on artificial and real images.
Methods: This paper defines local tubular curvature and presents the Tubular Cur-
vature Filter (TCF) method, which locally calculates the acceleration of curve bun-
dles traversing a tubular object parallel to its centerline. These curves are parallel to
the centerline in the sense that they are integral curves following the direction of the
ridge. Thisis achieved by examining the directional rate of change in the eigenvectors
of the Hessian matrix of a tubular intensity function in space. TCF implicitly calculates
the local tubular curvature without the need to explicitly segment or extracting the
centerline of the tubular object.

Results: Experimental results demonstrate that TCF provides accurate estimates of
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local curvature at any point inside tubular structures. Results on two- and three-
dimensional images show that TCF discerns curvature differences between the inner
and outer sides of curved tubular objects, while centerline-based approaches cannot.
Conclusion: Our findings highlight that TCF’s ability to discern between the inner and
outer sides of curved tubular objects is particularly useful in medical fields that re-
quire vasculature curvature analysis from images, especially where vascular struc-
tures often have non-uniform diameters, such as in ROP.

Keywords: curvature, retinopathy of prematurity, tortuosity, tubular structure, vascu-
lar structure

1. Introduction

Curvature calculations in images have utility in many application domains, such as
object recognition,’? corner detection,3™ face recognition,® image registration,” im-
age reconstruction,’, image denoising,?"1! and segmentation.'?-1® Curvature calcula-
tions are particularly important in the context of retinopathy of prematurity (ROP), a
vasoproliferative disease that poses high risks for retinal detachment and irreversible
vision loss in infants who are born prematurely.}” ROP treatment options and out-
comes strongly depend on the severity of the disease stage, which is classified based
on the appearance of blood vessels in the retina.!® In particular, the presence and
prominence of vessel tortuosity is a major indicator of disease severity,'® hence the
importance of accurately computing curvature.

The image processing literature explores multiple forms of curvature, such as the
Gauss curvature of an intensity function obtained from the image of a tubular object,
e.g., a vessel, viewed as a two-dimensional (2-D) surface. Gauss curvature for such a
surface is defined as the product of the principal curvatures and is an intrinsic prop-
erty of the surface.!® Gauss curvature is commonly employed in image processing to
assess local smoothness and feature extraction.?’ Another curvature definition that
is encountered and employed in image processing is mean curvature. Mean curva-
ture is the average of the principal curvatures of a surface and is an extrinsic property
of the surface.?! However, the problem set of interest for this paper cannot be ad-
dressed with existing definitions. Motivated by ROP vessel analysis, this paper intro-
duces a method for calculating curvature locally along a bundle of curves that extends
through a tubular object in the image, without extracting the centerline.

In medical applications, centerline-based curvature methods are commonly
used to design medical devices;?? assess disease severity;?3?* segment vascular
structures;?>2® model and visualize vascular or bony structures;>’~32 analyze fluid-
structure interactions in arterial flow3? and blood flow in the retina;** and understand
how bone curvature influences the response to mechanical stimuli.3> There are also
deep learning methods to estimate the centerline curvature of bony or vascular
structures.3%-38 Note that centerline-based curvature assessments do not accurately
capture the varying thickness of tubular structures or the differences in curvature
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Fig. 1. Example functions: (left) a quadratic function and (right) a sine wave with varying width. The prin-
cipal curve (PC)*® is shown in blue, an example bundle of curves in red, and the Hessian eigenvectors at
sample points are indicated by green arrows. The PC follows the ridge of the function, while the bundle of
curves is parallel to the centerline in the sense that they are integral curves following the direction of the
ridge.

between the inner and outer sides of tubular objects during turns. Since biological
vascular structures often vary in diameter, this difference is crucial for modeling
purposes, such as the relationship between curvature and local wall shear stress,
with local wall shear stress being known to differ between the inner and outer bends
of curved vessels.*

This paper focuses on local tubular curvature and proposes the Tubular Curva-
ture Filter (TCF) method, which is based on the local acceleration of tangent vectors
to a bundle of curves in the tubular object. These curves are parallel to the center-
line in the sense that they are integral curves following the direction of the ridge,
which are traced by the major eigenvectors corresponding to the large eigenvalue of
an at least thrice-differentiable intensity function that highlights the tubular object.
In prior work, these tangent vectors are identified as specific eigenvectors of the Hes-
sian of the intensity function.*® Figure 1 is an illustration of two functions and their
principal curves, along with bundle of curves and the eigenvectors of the Hessian at
sample points. The method assumes that the image is appropriately preprocessed
to yield an intensity image that highlights the tube-shaped objects and is based on
interpolating this intensity image to obtain an intensity function over spatial coordi-
nates.

To the best of our knowledge, TCF is the first pointwise curvature calculation
method for tubular objects. TCF can be applied pointwise to any thrice continuously
differentiable interpolated vessel/tube intensity image, thereby eliminating the
need to segment or extract centerlines of tubular objects, unlike centerline-based
methods. Experiments with 2-D and 3-D images show that TCF can discern curvature
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differences between the inner and outer sides of a curved tubular object, achieving a
level of spatial precision that centerline-based approaches cannot. With appropriate
local image interpolation techniques, TCF is highly suitable for parallel processing.

2. Methods

This section describes TCF, develops a method to compute local tubular curvature at
any point for a given thrice continuously differentiable function of Cartesian spatial
coordinates in an Euclidean space, and discusses application to intensity images of
tubular shapes.

2.1 Tubular curvature

To compute the curvature of tubular shapes over space we exploit the geometrical
interpretation of the eigenvalues of the Hessian provided by Ozertem et al.,*° who re-
defined principal curves and surfaces in terms of first and second derivatives of prob-
ability density functions. This definition of the principal curves corresponds to the
ridges of said probability density function. We motivate our discussion using the ex-
amplein Figure 1, which presents a discretized image of a function that forms a tubu-
lar shape over 2-D space; function values are pixel intensities. The principal curve that
forms the ridge of this function and bundle of curves traced by select eigenvectors of
the Hessian matrix, as defined by Ozertem et al.,* are represented by the solid blue
and red-dotted lines, respectively. The eigenvectors of the function’s Hessian evalu-
ated at a given point are represented by green arrows. At any point over the 2-D space,
such eigenvectors point toward the principal and to a direction tangential to the bun-
dle of curves. The following definition is adapted from Definitions 1-4 in Ozertem et
al.*

2.1.1 Definition 0

A point x is on the major ridge/valley curve of an at least three times continuously
differentiable function p : R™ — R if the (n — 1) eigenvectors of its Hessian matrix
corresponding to the (n — 1) smallest/largest eigenvalues have zero inner product
with its gradient, and all of these eigenvalues are negative/positive.

Note thatifthese (n—1) eigenvalues have mixed signs, the curveis a cliffside path.
Also note that, as demonstrated by Ozertem et al.,*® the major ridge/valley curves
remain unchanged if a monotonically increasing function is applied to the value of p.
This will be used in the proposed method derivation in Appendix A.

The bundle of curves that are of interest for a given ridge/valley at any point in
space is traced by major Hessian matrix eigenvectors, similar to the ridge/valley, and
their curvatures can be defined based on the rate of change of eigenvectors tangent
to the bundle of curves; for unit-length eigenvectors, this rate of change becomes the
acceleration vector. Curvature of these curves at any point is the norm of the local
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acceleration vector. When computing the curvature of tubular structures in an im-
age, an interpolation method provides a thrice-continuously differentiable intensity
function, from which the necessary gradient and Hessian values are computed for any
given point.

Without loss of generality, in this paper, we consider the case where the center-
line of the tubular object is a ridge curve. Let x(s) € R? be a point on a ridge curve
with arc length parameter s*; p(-) : R* — R% = {p(x(s)) € R|p(x(s)) > 0}
be a positive, at least thrice differentiable function, for example, an interpolated im-
age as explained in Section 2.2. H(x(s)) denotes the Hessian of the logarithm of
the function (see Appendix A), with {((A\1(x(s)),q1(x(5))), ((A2(x(s)), q2(x(s)))}
eigenvalue-vector pairs of H(x(s)), where A1 (x(s)) > Aa(x(8)).

2.1.2 Definition 1

Acceleration a(x(s)) = 0v(x(s))/0s, atany point x(s), is the rate of change of veloc-
ity v = qi with respect to the arc length parameter s, which is the unit-length tangent
to the curve. Using chain rule:

Ov(x(s) _ dan(x(s) _ dan(x(s)) Ox(s)
0Os 0Os ox(s)  Os

(1)

Since q1(x(s)) is the unit length velocity vector, we write 0x(s)/0s = qi1(x(s))
as 0x(s) = qi(x(s))0s.

2.1.3 Definition 2

Tubular curvature of the intensity function p(x(s)) at x(s) is the Euclidean norm of
its acceleration vector: curvature c(x(s)) = ||a(x(s))]]-

In the remainder of this paper, we will not explicitly indicate dependency on s for
notation simplicity.

2.1.4 Derivation 1

To calculate a at x, the directional derivatives of q1, i.e., 9q;/0x1 and 9q,/0xa,
are required, which can be computed using the eigendecomposition of H(x) =

Q)AX)Q(x)T as:

A0

H(X):[Q1 Q2] [O /\2} [Ch qz| , (2)

]T
where Q is the 2 x 2 orthonormal matrix whose i*" column is the eigenvector q;,
and A is diagonal with elements as corresponding eigenvalues. In Equation (2), H(x)
is assumed to be diagonalizable with two linearly independent eigenvectors. If this
assumption is invalid, ambiguity in eigenvectors leads to inability to uniquely trace a
curve passing through point x, resulting in local curvature ambiguity.
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Calculating 9q; (x)/0x requires taking derivatives of this Hessian decomposition.
Let T;(x), V;(x) and L;(x) be the i*" directional derivatives of H(x), Q(x) and A(x)
respectively:

_O0H(x) [t tie
i) = ox; {tin tiz| (3)
oy 0Q(X)  Toqn  8qe] _ [V Vi
Vilx) = oy {‘%i ‘%1} © Ve Vi “)
P00 lh O
Li — | Oz — i1 )

Omitting dependencies on (x) for brevity, T;(x) is:
T; =V;AQ" + QL:Q™ + QAV. (6)

Here, the derivatives of eigenvectors and eigenvalues are unknown. Since T; matri-
ces are symmetric, we get 3 equations from T;. Using two properties of eigenvectors,
we obtain additional equations: 1) eigenvectors are unit length; hence, derivatives of
their magnitude are zero, and 2) they are perpendicular to each other. With these, we
have: )

Ala)|* e rom

8:@- 1 89& - 07 (7)
Aax(x)||> . 70qr
daiqe  rp0qx  dqf
05, q Bz, + o2, qz = 0. (9)

From T, and the properties of eigenvectors, we obtain six equations with 12 un-
knowns. These yield the following sets of linear equations from Equations (6)-(9),

where g; = [q; qu]T:

ti11 Vi1l to11 Va1l
t12 Vi12 to12 Va12
tioo| li1 toon | Iy
0 |= M Iis and 0 |= M b | (10)
0 Vi21 0 Va1
0 V122 0 V222
221011 2A20y a51 a3, 0 0
A2 A0y Q112q12 Q212qz2 A1dyp A2y
M— 0 0 a1z 32 2M1015 2Xa2qy (11)
di1 0 0 D) 0
0 21 0 0 0 Qo2
o1 d11 0 0 ¢ d12
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We provide the complete derivation of linear equations that leads to M in Ap-
pendix A. Please see Appendix B for derivations of linear equations solved in order to
obtain the acceleration vector for functions with n-dimensional arguments, including
the 3-D special case (for volumetric images).

By solving the linear equations in Appendix A, we find V(x) and L(x). Then, we
calculate 0q; (x)/0x from V(x). Finally, we obtain the acceleration vector at x fol-
lowing Equation (1).

2.2 Tubular Curvature Filter on images

The methodology discussed above is designed to operate over continuous thrice dif-
ferentiable functions defined over R? (and in general R™). To apply the TCF to im-
ages, we need to smoothly interpolate intensity images to obtain intensity functions
with necessary continuity and differentiability properties. This paper does not ad-
vocate a particular interpolation methodology. For illustration, we consider a kernel
regression-based approach. Note that to operate on continuous thrice-differentiable
functions defined over R?/R3, tubular shapes should have a width of no less than 3
or 4 pixels/voxel lengths.
We use point location to calculate curvature; thus, a pixel can be converted to
physical units as:
T (p1—01—|-0.5> X 1
x= |:$2:| o |:(p2 —C2 + 05) X vy |’ (12)

where p € ZZ corresponds to a pixel in the image, x € R? represents the physical
location in physical units of pixel p, ¢ € Zi is the pixel corresponding to the physical
origin in pixel coordinates, and v € R? represents the physical lengths per pixel in
the horizontal and vertical directions. A similar conversion can be done for three-
dimensional images (or n-dimensional). X; € R?and w; € Ry, j € {1,...,n} are
the location and intensity of the j-th pixel on a image, and K, () : R? — Ris the
interpolation kernel with scale matrix S;. The kernel-based interpolation is:

p(x) = w;Ks,(x — %;). (13)
j=1

Variable-scale (width) kernels may be employed in interpolation to achieve ro-
bustness against outlier pixel intensities that may arise due to noise or other rea-
sons. The approach outlined in Ozertem et al.*? proposes to select k-nearest pix-
els to x. For each x, a sequence {X.(1),Xx(2), -, Xr(n)} is defined, where 7(i) €
{1,2,...,n} represents the sorted set of pixel indexes such that ||x — X[z <
lx — Xr@i+1)ll2, and the k-nearest pixels are selected based on this sequence, de-
noted as {X (1), Xr(2), ---» Xr(k) }» With & < n. These k-nearest pixels can then be
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used for kernel-based interpolation:
k
pﬂ-(X) = Z wﬂ(j)Ksj (X - iﬂ(j)). (14)
j=1

Given p(x), considering that the tubular structure of interest is represented with
large function values (high-intensity pixels over a dark background), the application
of the TCF is straightforward. The methodology presented in Section 2.1 was derived,
without loss of generality, for images with tubular shapes represented by light pix-
els over dark backgrounds and used q; for curvature calculations. If tubular objects
appear as dark pixels over a light background, the intensity function is negated to
achieve tubular objects with high intensity values.

In terms of computational complexity, pixel-wise curvature calculation itself is
constant time since both Hessian eigendecomposition and solving linear equations
are constant time O(1). However, interpolating intensity images to obtain intensity
functions with third-order differentiability is linear in time O(IV x k), where N is the
number of pixels and k& is the number of neighborhood pixels used in interpolation.
Source code is available at: https://github.com/neu-spiral/TCF.

3. Results

TCF is applied to artificial and medical images in both 2-D and 3-D. Within this sec-
tion, we have categorized the results based on the number of dimensions and image
type (artificial or medical). We also included additional analyses to identify the lim-
its and capabilities of TCF. If not specified otherwise, Gaussian kernels are used to
obtain these results, but other unimodal kernels can be used as well. For medical im-
ages, one should carefully consider structures in the image and choose interpolation
parameters accordingly, as selecting appropriate Gaussian scales is important when
adjacent tubular structures are present in the image*>** or in noisy images.*

3.1 Two-dimensional results

This subsection has three parts: (1) curvature results for artificial images with various
curved structures, (2) analyses of medicalimages, and (3) additional analyses on TCF
and its comparison with centerline-based curvature.

3.1.1 Artificial images

This section presents 2-D artificial images, including a blurry ring, two sine waves,
and a sine wave with changing amplitude and frequency. Figure 2 shows these im-
ages with their TCF curvature results, where brighter pixels indicate higher curvature
values.

To generate images of the two sine waves, and a sine wave with changing
amplitude and frequency, we employ Gaussian kernels as described in Equation (13),
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Fig. 2. (First row) Blurry ring function pring (x), two sine functions with different frequencies p;y,,  (x), and

a sine function with changing amplitude and frequency p,;n, 4, 7 (x) are presented, respectively. (Second
row) Curvature values with TCF, where brighter pixels indicate higher curvature values.

with the scale matrix S; = 2I,, where I, represents the two-dimensional identity
matrix, and w; = 1forj € {1,...,n}. All functions are defined by placing evenly
spaced isotropic Gaussian kernels, followed by the creation of images using uniform
grids G(1, a, b) where G represents a uniform grid with [ samples in the interval [a, b].

Image of a blurry ring

DPhlurry_ring(X) = e~ (VxTx=r)*fm js blurry ring function where r = 1 is the radius of
theringand m = 0.1 is the thickness parameter. The first column in Figure 2 displays
Phlurry_ring(X) along with its curvature results. The curvature is reciprocal to the radius
of the ring at every point in the ring function. Consequently, points closer to the
center of the ring are expected to exhibit higher curvature values, as demonstrated
by TCF.

Image of two sine waves
We present the difference in curvature values for two sine functions with different
frequencies. We place equally spaced isotropic Gaussian kernels on y = sin (fx)
function. The sine function is defined as psine,r(x) = Y7 K1(x — x;,¢), where
xj ¢ € {x = [m,sin (fm)]T|m € G(50, —m, m)}. fisthe frequency of the sine wave.
We created an image using a higher-frequency sine function pgj, ne(x) with f = 1.5
and a lower-frequency sine function psjn 1(x) with f = 1.0.

The third column in Figure 2 presents the two sine waves with their TCF results.
As expected, TCF values at local minima and maxima in psinhi(x) are higher than
those in pgin 1f(x).




10 E. Sunger* et al.

Image of a sine wave with changing amplitude and frequency

We show the change of the curvature values along a single sine function by modifying
itsamplitude and frequency. Equally spaced isotropic Gaussian kernels are placed on
the y = Asin (fx) function, defined as pgine, 4,7 (x) = Z?zl Kr(x —xj,4,r), where
XA, € {x = [m, Asin (fm)]T |m € G(50, —2m,2n)}. f is the frequency and A is
the amplitude of the sine wave. We generated an image by varying the values of A and
f alongthe function. Specifically, for the first 25 samples (in the interval [—2m, 0]), we
set A = 1and f = 2, while forthe remaining samples (in the interval [0, 27]), we used
A=3and f =1.

The last column in Figure 2 presents pg;»,_ 4, (x) with its curvature results. Along
the function, the amplitude of the sine wave increases while the frequency decreases.
TCF gives higher values at the local minima and maxima in pg;n 4,¢(x) at the first
half of the function since the frequency in the first half is higher than the second half.
Also, the amplitude of the sine wave increases along the function, and this creates flat
function parts where the curvature values are almost zero.

3.1.2 Medical images

We examine 2-D medical images from the Retina*® and X-ray coronary angiogram*’
datasets. Figure 3 presents these examples with their TCF curvature results. In the
curvature images, intensity values indicate curvature, with brighter pixels represent-
ing higher values. Also, contrast enhancement is applied for visualization. Gaussian
kernels, as explained in Equation (14), are applied to the medical examples using the
scale matrix S; = 0.5 x I, where I is the 2-D identity matrix, and k& = 440.

Retinal images

The two panels on the left of Figure 3 show a sample zone Il retinal vessel segmenta-
tionimage and its curvature results. The segmented retinalimage includes branching
points and vessel segments with different degrees of tortuosity. Branching points oc-
cur where a vessel splits into smaller vessels or where multiple vessel segments over-
lap. Branching points are naturally high-curvature regions because vessels create a
cross-shaped structure at these points. We observe this in TCF. Since retinal vessels

Fig. 3. (Left) An interpolated retinal image and its curvature calculated using TCF. (Right) An interpolated
angiography image and its curvature calculated using TCF. Contrast enhancement is applied to the cur-
vature values for visualization. In the curvature plots, intensity values represent curvature, with brighter
pixels indicating higher values.
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originate around the optic disc, many branching points appear in this region, where
we observe high curvature values. The vessel segments on the left of the image have
high tortuosity, whereas the segments on the right are almost flat. The curvature im-
age shows higher values for tortuous vessel segments compared to other segments,
demonstrating that TCF captures the tortuosity of retinal blood vessels.

See Section 3.1.3 for a detailed analysis of retinal images with ROP categories
and an explanation of why centerline methods fail to capture vessel structures.

Coronary angiography images

Figure 3 shows the interpolation function of a segmented coronary angiography and
its TCF curvature values on the right. Similar to the retina example in Section 3.1.2,
high curvature values appear at branching points and in highly tortuous regions. The
vessel segment at the bottom left is nearly flat, while the right segment s highly tortu-
ous. TCF captures this difference, assigning low curvature values to the flat segment
and high values to the tortuous regions.

3.1.3 Additional analyses

This section analyzes TCF to assess centerline limitations, kernel choices, intensity
variations, and image resolution. In all cases where we define a ring function, we use
aninner radius of 0.5 and an outer radius of 1.0, except where noted in “Limitations of
the centerline” section. We also include an analysis of the numerical stability of TCF
on a retinal image. Additionally, we analyze retinal images to qualitatively highlight
regions where the method fails for different stages of ROP.

We define the ground-truth curvature for ring images as 1/r, where r is the
distance of pixels from the ring’s center. For ring examples with an inner radius of 0.5
and the outer radius is 1.0, the curvature values range from 1.0 to 2.0. We evaluate
performance using the mean absolute difference between the ground truth and TCF.

Limitations of the centerline

In this section, we focus on why centerline methods cannot capture curvature
changes across the image. We present two examples: one compares two different
ring examples with the same centerline, and the other examines a sine wave with in-
creasing thickness.

We generate an artificial ring example by defining two circles to generate a ring
image pring (x) = >_7_) K (x —x;), wherex; € {x; = [r; cos (0)),r; sin " |r; €
[0.5,1], |8 € [0,27)|x; € G(125,—1.25,1.25)}. K is either the Gaussian kernel.
The pixel intensity is set to 1 for pixels between the rings (w; = 1forj € 1,...,n)
and the scale matrixissetto S; = 0.1 x I.
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Figure 4 shows two ring images with the same centerline: one with radii0.5and 1.0
(firstrow) and another with radii 0.4 and 1.1 (second row). From left to right, it displays
the ring function, ground-truth curvature, and TCF results. The ring functions differ
but their centerline remains the same. Centerline-based approaches compute curva-
ture along this line but cannot capture curvature variations across the ring’s radii.

Figure 5 presents a tube example where the centerline is defined as y = sin(z)
and the thickness varies along the tube. From left to right, it shows the tube with
its centerline and the TCF results. Similar to the ring example, the centerline alone
cannot capture the thickness variations across the tube.

Fig. 4. (First row, left to right) The thin ring function (inner radius 0.5, outer radius 1.0), ground-truth curva-
ture, and TCF result. (Second row, left to right) The thick ring function (inner radius 0.4, outer radius 1.1),
ground-truth curvature, and TCF result. Intensity values represent curvature, with brighter pixels indicat-
ing higher values. Both rings have the same centerline (blue), illustrating that centerline-based methods
fail to capture the shape.

AN

Fig. 5. (Leftto right) Atube with changing thickness and its centerline y = sin(z), followed by the curvature
result with TCF, where intensity values represent curvature, with brighter pixels indicating higher values.
The centerline alone cannot capture the varying thickness, highlighting that methods relying solely on the
centerline fail to represent the tube’s shape.

Results with different kernels

In this paper, we primarily use the Gaussian kernel; however, in this section, we
also employ the Epanechnikov kernel, defined as, K. (x) = 1 — xTx for |x| < 1, for
a given point x € R2.

We generate a ring example as in “Limitations of the centerline” section. Here, K
is either the Gaussian kernel or the Epanechnikov kernel.
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Figure 6a shows the image of the ring function pring(x) and the ground-truth cur-
vature. Fig. 6b shows TCF results from left to right with Gaussian and Epanechnikov
kernels. Both kernels perform well in calculating the pixel-wise curvature, with mean
absolute differences between the ground-truth and TCF of 1.09 x 10~% and 5.98 x
1015, respectively.

(elfel {e]{e)

Fig. 6. (a) Ring function pying (x) and its ground-truth curvature. (b) Curvature values with TCF, from left to
right, using the Gaussian and Epanechnikov kernels, with intensity values representing curvature, where
brighter pixels indicate higher values. We calculated the mean absolute difference between the ground-
truth and TCF. For the Gaussian kernel, it is 1.09 x 10—8; for the Epanechnikov kernel, itis 5.98 x 1015,
respectively.

Intensity profiles

We use the ring function pring(x) as described in “Limitations of the centerline”
section. We evaluate the sensitivity of TCF to different intensity profiles, such as “uni-
form”, where all of the pixels in the region have a value of 1; “higher inside”, where
w; = 1.5 —ry; “higher outside”, where w; = r;, with r; being the distance of the j-th
pixel from the center.

Figure 7 demonstrates the ring functions with different intensity values in the
first row and their respective TCF results with a Gaussian kernel in the second
row. All of these cases perform well in estimating the curvature, achieving mean
absolute differences from the ground-truth results of 1.09 x 1078, 1.56 x 1078, and
0.94 x 1078, respectively.

Resolution

We use ringimages with pixel widths and heights of 0.02, 0.04, and 0.08, maintain-
ing uniform intensity as in “Limitations of the centerline” section. These correspond
to resolutions of 125 x 125, 62.5 x 62.5, and 31.25 x 31.25. Figure 8 displays these
resolutions from left to right in the first row and their TCF results with a Gaussian ker-
nel in the second row. As the resolution decreases, the estimation quality worsens.
The mean absolute differences from the ground-truth are 1.09 x 107%,6.75 x 1078,
and 1.27 x 1073, respectively.
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Fig. 7. (First row) Ring function pying (x) with different intensity profiles, uniform inside the inner and outer
rings, higher near the inner ring, and lower near the outer ring. (Second row) Curvature values with TCF:
intensity represents curvature, with brighter pixels indicating higher values. We computed the mean ab-
solute difference between the ground truth and TCF. From left to right, the values are: 1.09 x 1078,
1.56 x 1078,and 0.94 x 1078,

Fig. 8. (First row) Ring function pyjng (x) with resolutions of 125 x 125, 62.5 x 62.5, and 31.25 x 31.25. (Sec-
ond row) Curvature values with TCF: intensity represents curvature, with brighter pixels indicating higher
values. We computed the mean absolute difference between the ground truth and TCF. From left to right,
the values are 1.09 x 10~8,6.75 x 10~8,and 1.27 x 10~3.
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Numerical stability

We focus on the numerical stability of the inversion of the linear system given in Equa-
tion (10) for medical images, such as the retinal image. To assess stability, we calcu-
late the condition number of M. A large condition number indicates the matrix is
ill-conditioned, meaning that small changes in the input can lead to large changes in
the solution, while a smaller condition number suggests greater stability. We calcu-
late the condition number as k(M) = | M]|2 - [|[M ™} ||2.

Figure 9 presents the retinal image and its corresponding curvature image, where
pixels with a condition number larger than 100 are marked in orange. The condition
number of M ranges from 5.1 to 234.1. Equation (2) assumes the Hessian matrix is
diagonalizable. Therefore, we cannot calculate curvature values with TCF when this
occurs, which is expected in the middle of vessel branching regions. Additionally,
as shown in Figure 9, even if the Hessian is diagonalizable in the middle of these
regions, the condition number of M is large, indicating that TCF calculations are not
numerically stable in these areas.

Fig. 9. (Left to right) A retinal image and its curvature with TCF, where pixels with a condition number for
matrix M greater than 100 are marked in orange. The condition number of M ranges from 5.1 to 234.1 for
this image.

Retinopathy of prematurity

We focus on the Retina*® dataset with ROP images labeled as “Normal,” “Pre-plus”,
or “Plus”, indicating no ROP, intermediate, or severe cases, respectively. Generally,
the more dilated (increased vessel thickness) and tortuous (higher curvature) the ves-
sels, the more severe the ROP.!8 Figure 10 presents Pre-Plus and Plus zone |l images
from top to bottom, with TCF results in the second column and the centerline in the
last. The red box regions highlight examples of dilated vessels, where, as discussed
in “Limitations of the centerline” section, the centerline cannot capture the shape in
these regions.
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Fig. 10. (Left to right) Images from the Retina dataset (with Pre-Plus and Plus ROP from top to bottom), the
corresponding curvature with TCF, and curvature with the centerline. The centerline is calculated using the
“thin” function from the morphological operations in scikit-image.*® We compute the centerline curvature
using the implicit planar curvature calculation.® Contrast enhancement is applied to the curvature values.
In the curvature plots, intensity represents curvature, with brighter pixels indicating higher values. The
red squares highlight examples where vessels are dilated and the centerline curvature cannot capture the
shape.

3.2 Three-dimensional results

Here, we include results from (1) 3-D artificial images with various curved structures,
(2) 3-D medical images, and (3) an additional analysis on voxel isotropy.

3.2.1 Artificial Images

We present 3-D artificial images: a blurry ring and a sine wave. Figure 11 displays
these images with their corresponding curvature images using TCF, and the cor-
responding colormap. We employ Gaussian kernels given in Equation (13), with
the scale matrix S; = I3, where I is the three-dimensional identity matrix, and
w; = 1forj € {1,...,n}. Functions are defined by positioning evenly spaced
isotropic Gaussian kernels, followed by the creation of images using uniform grids as
explained in Section 3.1.1.

Image of a three-dimensional blurry ring

Dblurry_ring 3d(X) = 2?21 Ki(x — x;) is the three-dimensional blurry ring func-
tion, which is defined by placing equally spaced isotropic Gaussian kernels. Here,
x; € {x = [rsin(f),rcos(#),sin(r)]T |8 € G(40,0,27)}, and r is 2. Figure 11
presents ppiurry_ring_3d(X) and its curvature results on the left. Similar to Section 3.1.1,
the curvature is reciprocal to the radius of the ring and TCF gives higher values to the
points closer to the center.
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Fig. 11. (Left) The 3-D blurry-ring function image and its TCF result. (Right) The 3-D sine function image and
its TCF result. (Bottom) The Viridis colormap for the curvature plots.

Image of a three-dimensional sine wave

We define a sine function and place equally spaced isotropic Gaussian kernels
as Psine 3d(X) = Z?Zl Ki(x — x;), where x; € {x = [m,m,sin(m)]"|m €
G(40, —m,m)}. Figure 11 shows psine 34(x) and its TCF result on the right. Pixels on
the inner side of the curves have higher curvature than those on the outer side, and
pixels near the function’s maximum and minimum exhibit higher curvature values
than those farther away.

3.2.2 Medical images

This section examines examples from the Computed Tomography Angiography*® and
the Coronary Artery Segmentations® datasets. We employed Gaussian kernels as
the interpolation method, as defined in Equation (14). In three dimensions, X; € Ri
and Kg, (-) : R* — Ris the interpolation kernel and we used a scale matrix §; = Is.
For the Computed Tomography Angiography dataset,*® k = 20, and for the Coronary
Artery Segmentations dataset,®® k = 40. Curvature results were visualized with
contrast enhancement using histogram equalization.>

Computed tomography angiography

We calculated the curvature of a segmented coronary artery image from a 3-D
computed tomography angiography scan, downsampling the image by a factor of
two. Figure 12 shows the interpolated image on the first row, and the curvature
results with TCF on the second row. The second, third, and fourth columns display
the views in the XY, XZ, and YZ planes, respectively. Viridis colormap is used for
curvature results. Similar to Section 3.1.2, high curvature values at the branching
points and twisted vessels are observed in this example, as expected.
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Fig. 12. (First row) The coronary angiography with views from XY, XZ and YZ planes, respectively. (Second
row) Their TCF results with contrast-enhanced using histogram equalization.>! (Bottom) Viridis colormap
applied to curvature plots.

Coronary artery

The Coronary Artery Segmentations dataset®® includes both segmented coronary ar-
teries and their reference centerlines. We selected a sample coronary vessel segment
from the dataset, downsampled it by a factor of two, and then applied interpolation
to calculate the TCF.

Figure 13 shows the interpolated vessel segment on the first row, the TCF results
on the second row, and the centerline curvatures computed using the implicit planar
curvature method®® on the third row. The second, third, and fourth columns show
views from the XY, XZ, and YZ planes. Curvature is visualized using the Viridis col-
ormap. This dataset includes arteries with varying vessel widths, which centerlines
alone cannot capture. For example, in Figure 13, high curvature values are expected
in the third row, last column view from the centerline results. However, when we ex-
amine the image itself on the first row, this region appears to be an artery segment
with a large width and no sharp curvature changes. TCF results show that this region
has low curvature values, which the centerline cannot detect. Similar to Section 3.2.2,
high curvature values are detected at the twisted vessel (in the bottom right region of
the second column in Figure 13), as expected.
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Fig. 13. (First row) The coronary artery segment with views from XY, XZ and YZ planes, respectively. (Second
row) Their TCF results. (Third row) The centerline curvatures using the implicit planar curvature method.®
Curvature contrast is enhanced with histogram equalization®! with the Viridis colormap applied to curva-
ture plots.

3.2.3 Additional analyses

We analyze TCF on images with isotropic and anisotropic voxel sizes. The ground-
truth curvature is calculated as 1/r, where r is the distance of the points from the
ring’s center. We compute the mean absolute difference between the ground-truth
results and TCF.

Voxel anisotropy

We use Dplurry_ringring_3d(X) to show how voxel anisotropy affects TCF results. For the
isotropic case, the voxel sizes are 0.6 x 0.6 x 0.6. For the anisotropic case, they are
0.6 x 0.8 x 0.4. Figure 14 shows the image of pyiurry_ringring 34(x) for isotropic and
anisotropic voxels on the left, with their TCF results on the right. Both cases perform
similarly, with mean absolute differences of 2.493 x 1072 and 2.495 x 10~3, respec-
tively. The ground truth curvature values range between 0.37 and 0.59 at the points
in the image.
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Fig. 14. (Left)The 3-D images of the blurry-ring function with isotropic and anisotropic voxels, respectively.
(Right) Their TCF results. The Viridis colormap at the bottom is used for curvature plots. The mean absolute
difference between the ground truth and TCF is 2.493 x 103 for the isotropic and 2.495 x 103 for the
anisotropic case.

4. Conclusions and future perspectives

This paper defines local tubular curvature and presents a methodology, TCF, to cal-
culate local curvature of tubular objects using interpolated intensity images. TCF
implicitly calculates the tubular curvature locally for a bundle of curves that extend
along the tube. TCF does not require the extraction of centerlines or curves. To our
knowledge, TCF is the first of its kind, in the sense that it focuses on local curvature
calculations for curves that traverse space along the tubular object, and achieves im-
plicit calculations by determining the acceleration vectors for these curves using the
eigenvectors of Hessian matrices of the intensity function. TCF exhibits sensitivity to
varying curvature levels in a tube along the cross-section. The results on artificial and
medical images demonstrate that this method can highlight tortuous regions in ves-
sels and detect curvature differences between points on the inner and outer sides of
curved structures, unlike centerline-based methods.

TCFis particularly useful in medical fields that require vasculature curvature anal-
ysis from images. Biological vascular structures often have non-uniform diameters
and may exhibit various conformations in both normal physiology and disease states.
Measuring the curvature of anatomic structures is a common task for clinicians and is
increasingly performed by automated techniques. In diseases such as ROP, a leading
cause of childhood blindness, the dilation and tortuosity of the retinal blood vessels
are key components of disease classification: the more dilated and tortuous the ves-
sels, the more severe the ROP. This has led the quantification of "vascular severity"
to become a key biomarker target for image analysis techniques. One application of
this technique would be to apply TCF to better understand the relationship between
local retinal vessel tortuosity and disease progression. TCF has an advantage over
deep learning techniques in that it is interpretable and can be applied both locally
and globally within medical images and across image types, whereas many convolu-
tional neural networks may face generalizability challenges.
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Appendix
A. Derivation of Definition 1

Given a point x € R2?, let f(x) be the logarithm of the interpolation function p(x).
Note that x is a point on the curve s, i.e., x(s). As explained in Section 2.1, we drop
the (s) notation for simplicity. Let us define p(x) and f(x) as

x) = 3w s, (x —x;) and f(x) = log(p(x)). (15)

Ks,(-) : R? — Ris the interpolation kernel with scale matrix S;, x and w; € R4,
j € {1,...,n}, are the location and intensity of a point indexed by j € {1,...,n}
with n pixels.

Consider V to be a column derivative operator. Let g(x) be the gradient of f(x),
g,(x) be the gradient of p(x), H(x) be the Hessian of f(x),and H,(x) be the Hessian

of p(x). Dropping (x) for brevity,g = Vf = Vp/p = g,/p and:
H=p 'VVp—p?VpV'p=p 'H, — gg". (16)

If H,, has eigenvectors that are equal or close to each other for a point under a ridge
with a constant value, then the second gradient term in Equation (16) aligns one of
the eigenvectors of H to be orthogonal to the ridge and the other to be parallel. We
will use 9H/0x; for (18) where x; is the i-th dimension of x.

ovvT )
oH o VVTpani

Ox; B p?
(52Y7p + Vp22)p? Vv Tp e
- p* * p* (17)
10VvVTp 1 r Op  OVp_rp
75 ox; 71?(vv paxi + o0x; VP
ovTp r Op
+Vp oz, ) + v Vip axz

Following the steps from Equations (2)-(11), Hessian and its derivatives are obtained
to calculate the acceleration vector at x, where { (A1 (x), q1(x)), (A2(x), q2(x))) } are
the eigenvalue eigenvector pairs of H(x), and A\ (x) > A2(x). We defineq; asq; =

(A1 lQ] for 2-D. H(x) is decomposed into its eigenvectors in Equation (2), where
Q is the 2 x 2 matrix whose ith column is the eigenvector q;, and A is the diago-
nal matrix whose diagonal elements are the corresponding eigenvalues. To obtain
dq1 (x)/0x differentiating the Hessian eigendecomposition, and introducing T;(x),
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V;(x) and L;(x) as in Equations (3)-(5), T; for i = 1 is derived as:

2 T

9q; 9q;
T, = Z /\jaiziqu +hq;q) +Xq 5

‘ o (18)
j=1

Linear equations for =1 from Equation (10) are derived in Equations (19)-(20). From
Equation (18), we have three equations which are defined fori=1:

t111 = A1vi11dyg + A2Vi12doy + 1110119y
+ 112091921 + A1051Vi11 + A209q V112,
ti12 = A1Vi11Q19 + A2Vi120so + 111011050
+ 112091020 + A1011Vi21 + A2Gaq V122,
ti22 = A1V121Q15 + A2Vi220ss + 111012012
+ 112095020 + A1019V121 + A2095Vi22-

(19)

Two properties of eigenvectors are: they are unit vectors and perpendicular to each
other. Using these properties, we derived three linear equations in Equation (20).

0 =qyyV111 + 9y9Vi21,
0 = g91V112 + QgoVi22, (20)
0 =0qy;V111 + g99Vi21 + q1 V112 + qq2Vi22-

We have six equations and 12 unknowns. Writing the set of linear equations, we ob-
tain Equations (10)-(11). The elements of V(x) and L(x) are found via a linear solver.
dq1(x)/0x are calculated from V(x) to obtain the acceleration vector at x.

B. Generalization to functions of N-dimensional input

Similar to the 2-D case, the curvature in N-dimensional space can be obtained from
the acceleration of the first eigen vector of the N x N Hessian matrix. Let x € RV
and f(x) : RV — R as before with w;, x; indicating image intensity and location
for hypervoxel j € {1,...,n}. Interpolate using a suitable kernel K, () : RY - R
to obtain f(x) = In(p(x)) as in Equation (15). At x, q; of the Hessian is the unit
velocity vector of the curve s, which is the integral curve to the principle curve of the
function. With this as the unit velocity vector, acceleration is obtained as its direc-
tional derivative yielding the local curvature value. Following Definition 1, direction
derivatives qq, i.e., [0q,/021 - -- 09, /0x | must be determined. Following Equa-
tions (2)-(9), Hessian and its derivatives are identified for the N-dimensional case.

B.1 Three-dimensional input

For the 3-D case, following the steps in Equations (2)-(11), Hessian and its deriva-
tives are identified to determine the acceleration vector at x € R3, where
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{(M(x), a1(x)), (A2(x), q2(x)), (A3(x),qs(x))} are the eigenpairs of H(x),
and A1 (x) > Xa(x) > A3(x). Defineq; asq; = [d;; Qg qig}T. Decompose H(x)
asin (2), where Q is now a 3 x 3 matrix whose ith column is the eigenvector q;, and
A is the diagonal matrix that contains the corresponding eigenvalues:

A0 0 .
H(X) = I:qla q2, Q3] 0 A2 0 [qh q2, q3] ) (21)
0 0 As

Calculate 0q; (x)/0x by differentiating the eigendecomposition of H(x) and define
T; (X), Vl(X) and L; (X) as

ti t; ti
8H x i1l 112 i13
= () _ tor ti tiz],

tisr tizz  tizs

5 5 5 Viin  Viiz Vil
Vi(x):[ L S22 L93) — v Vipp Vs |, (22)

8$i ) 6$1 ) 82:1
Vis1  Vis2 Vi3s3

P00 0 Ii 0 0]
Lix)=|0 %2 0|=|0 Il 0
0 0 %= 0 0 Il

T; is symmetric due to thrice-differentiable interpolation, and calculated as in Equa-
tion (18) with j = 1,2, 3. As in Appendix A, one can derive linear equations to obtain
Equation (23). By utilizing two properties of the eigenvectors are explained in Ap-
pendix A; Mis defined in Equation (24). The elements of V(x) and L(x) are determined
by solving the linear equations to obtain dq; (x)/0x from V(x). The acceleration at x
is then computed using Equation (1).

tin V111 to11 Va11| |[ts11 V311
t112 Vi12 to12 Va12 | | 1312 V312
t113 V113 to13 V213 | |1313 V313
ti22 l11 too2 l21 t322 I31
t13 l12 too3 l22 t323 l32
tiss| M l13 toss| M log tasz| M l33 (23)

- bl - b - b

0 Vi21 0 Vo21 0 V321

0 V122 0 Vo202 0 V322

0 Vi23 0 V223 0 V323

0 V131 0 V231 0 V331

0 V132 0 V232 0 V332
| 0 | [Vizs| | O | [Vasz| | O | V333
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[2X1011 2020y 20303, QT 93 G5 0 0 0 0 0 0
A1Q12 A28y A3lsz 911912 G21922 U31932 Ard1y A202; Asdsy O 0 0
A1l13 A203 Asdss G11913 O21923 d31033 0 0 0 Aap; A2y Asdsy

0 0 0 af 93 Gf 2Mi0132M20 2X3q3; O 0 0
0 0 0 412013 A22023 A32033 M1z A2Gez Aslzz MGiz A2lan Azl
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