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Abstract

This work proposes a novel selective feature fusion of structural and functional data 
for improved glaucoma detection. The structural data, such as retinal nerve fiber 
layer (RNFL) thickness measurement acquired by scanning laser polarimetry (SLP), is 
fused with the functional visual field (VF) measurement recorded from the standard 
automated perimetry (SAP) test. The proposed selective feature fusion exploits the 
correspondence between structural and functional data obtained over multiple 
sectors. The correlation coeff icients for corresponding structural-function sector 
pairs are used as weights in subsequent feature selection. The sectors are ranked 
according to the correlation coeff icients and the first four highly-ranked sectors are 
retained. Following our prior work, fractal analysis (FA) features for both structural 
and functional data are obtained and fused for each of the selected sectors, respec-
tively. These fused FA features are then used for glaucoma detection. The novelty 
of this work stems from (1) locating structure-functional sectoral correspon-
dence; (2) selecting only a few interesting sector pairs using correlation coeff icient 
between structure-function data; (3) obtaining novel FA features from these pairs; 
and (4) fusing these features for glaucoma detection. Such a method is distinctive-
ly diff erent from other existing methods that exploit structure-function models in 
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that structure-function sectoral correspondences have been weighted and, based 
on such weights, only portions of the sectors are retained for subsequent fusion 
and classification of structural and functional features. For statistical analysis of 
the glaucoma detection results, sensitivity, specificity, and area under receiver 
operating characteristic curve (AUROC) are calculated. Performance comparison is 
obtained with those of existing feature-based techniques such as wavelet-Fourier 
analysis (WFA) and fast-Fourier analysis (FFA). Comparisons of AUROC values show 
that our novel selective feature fusion method for discrimination of glaucomatous 
and ocular normal patients slightly outperforms other existing techniques with 
AUROCs of 0.98, 0.98, and 0.99 for WFA, FFA, and FA, respectively.

Keywords: scanning laser polarimetry (SLP), standard automated perimetry, fusion, 
glaucoma detection, selective fusion, sectoral topographic correspondence, retinal 
nerve fiber layer (RNFL), fractal analysis (FA)

1. Introduction

Glaucoma is a progressive optic neuropathy which causes both structural and 
functional damages on eyes and ultimately leads to blindness.1 Structural damages 
are due to rapid retinal ganglion cell death in the retinal nerve fiber layer (RNFL).2-4 

Functional damage is represented by visual field (VF) loss.5,6 For a complete and 
reliable assessment of glaucomatous damages, it may be useful to consider both 
structural and functional visual impairment. Such a complete assessment may be 
more effective when the relationship between structure and function is known. It 
has been reported that local damage in the optic nerve corresponds to the regions 
of visual loss.7 Such correspondences have been investigated, and models such 
as Hood-Kardon,8 Harwerth,9 Drasdo,10 and Hockey-Stick11 have been proposed. 
The Hood-Kardon model assumes that structural and functional data are linearly 
related. However, this assumption is only true for the peripheral rather than central 
visual field regions. Likewise, different regions may require different slopes or 
strengths. The Harwerth model is based on comparisons of perimetric data with his-
tological data in monkey eyes, and has been validated with human histological data. 
However, the structure-function correspondence in the Harwerth model shows an 
increasing linearity with eccentricities, and yet does not accurately predict unique 
sectoral correspondences. The Drasdo model is a combination of both a linear and a 
non-linear relationship. Visual field sensitivities follow a linear relationship, whereas 
higher sensitivities follow a non-linear relationship. However, the non-linear part of 
the model may not have been well defined for accurate prediction. The Hockey-Stick 
model is a linear model with two different slopes, such as a shallower slope for the 
locations closer to fixation and a steeper slope for all other areas. However, only two 
slopes may not adequately represent the different structure-function relationship 



P.Y. Kim et al.84

of the regions. Overall, improved glaucoma detection based on structure-function 
correspondence has yet to be proven and verified.12-14

Research combining structural and functional data has reported better 
diagnostic power for glaucoma detection compared to using structural or functional 
data alone.15-18 Horn et al. reported better glaucoma classification rates by simple 
addition of the scores from both structural and functional data.19 However, a simple 
summation of structural and functional data in terms of scores cannot be an optimal 
method due to the lack of consideration of the unique structural-function relation-
ship. Bizios et al. claimed 95% accuracy in glaucoma diagnosis by multiplying the 
different sectors for both structural and functional data with specific factors.20 The 
factors were acquired by averaging pattern deviation probability scores based on 
six sectors. However, the authors did not report the AUROC performance metric for 
discriminating glaucoma. 

Recently, Yousefi et al. reported a correlation-based feature subset selection 
where an optimal subset of the features was obtained by ranking all the features 
after concatenating 7 RNFL data points and 54 VF data points.21 The correlation coef-
ficients were measured between 61 individual points and the AUROC performance 
metric was obtained. However, the authors did not consider the unique correspon-
dence between structural and functional data, which may provide an additional 
benefit for improved glaucoma detection.  

In comparison, we propose a novel feature fusion method that exploits unique 
sectoral correspondence between structural and functional data in order to acquire 
better features. The proposed model selects multiple pair-wise sectors based 
on sectoral correspondences between structural and functional data, obtains 
correlation coefficients from pair-wise sectors, and selects the corresponding sec-
tor-pairs based on correlation coefficients, respectively. Finally, fractal analysis (FA) 
features are obtained from structural and functional data for selected sector-pairs 
and used in the subsequent feature fusion step. Our prior study shows the effective-
ness of FA features in glaucoma detection.22

For functional data assessment, the original VF data, which are recorded in a 
circular 2D space with 59 data points, are converted into a 1D vector. For this step, 
the 59 data points are re-arranged with a novel labeling methodology, as discussed 
in a subsequent section. FA features are then extracted from the acquired functional 
data. For structural data assessment, both 1D and 2D RNFL eye-scan data are 
analyzed. For 1D RNFL assessment, a 1D temporal, superior, nasal, inferior, and 
temporal (TSNIT) graph consisting of RNFL thickness measurement data acquired 
by scanning laser polarimetry (SLP) around the parapapillary retina area is used. The 
FA features are extracted from the 1D TSNIT RNFL data. For 2D RNFL assessment, 
we investigate 2D feature-based techniques on specific regions of interest (ROIs) to 
represent glaucomatous damage. These ROIs are obtained around the parapapil-
lary retina area excluding the optic disc. The maximum optic disc size is selected to 
ensure elimination of the optic disc.  
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Finally, selective feature fusion of the results is obtained from joint structural and 
functional analyses. For this task, a novel mapping table is obtained which divides the 
corresponding structural and functional data into ten sectors. Utilizing this mapping 
table, as shall be discussed in a subsequent section, the sector-wise correlation 
coefficients between structural and functional data are obtained. Such coefficients 
indicate the relative strength of correspondence between structural and functional 
data for each sector-pair, and are subsequently used as the global coefficients to 
weigh corresponding structural and functional data to emphasize the areas of sig-
nificance in the sector-pairs. Following this step, only the sector-pairs with greater 
emphasis are retained. Fractal analysis (FA) features are then extracted from the 
selected sector-pairs of both structural and functional data. The FA features from 
structural and functional data are fused and classification performance metrics are 
obtained using the fused FA features for improved glaucoma detection. 

Section 2 discusses a brief background review for functional, structural, and 
fractal analyses, as well as structure-function relationship. The detailed method-
ologies for the proposed techniques are discussed in Section 3. Results and cor-
responding discussion are presented in Section 4, followed by the conclusions in 
Section 5.

2. Background review

2.1. Functional analysis: visual field (VF) test
The VF is the area of space visible to central and peripheral vision in immobile 
eyes.6 The VF test measures visual sensitivity in patients by evaluating their ability 
to detect points of light. Since patients may not recognize VF defects until the 
symptoms or signs of peripheral vision loss are obvious, the VF test can aid early 
detection of such defects. Standard automated perimetry has been widely used 
for testing VF. The VF test uses stationary white light stimuli at fixed locations on 
a white background, gradually increasing their intensity or size until the stimuli 
are perceived. The visibility at the fixed locations is measured using the threshold 
values of various intensities. The test is done one eye at a time and the patient is 
prompted to respond to light sensation. The threshold values are then recorded 
in the decibel (dB) scale, where zero dB denotes the brightest stimulus while the 
greatest dB is the dimmest stimulus.

2.1. Structural analysis: retinal nerve fiber layer (RNFL) assessment 
Scanning laser polarimetry (SLP) is used for assessing RNFL data. SLP assesses 
ocular structure by estimating the thickness of the peripapillary RNFL based on its 
birefringent property.4 When a polarized light reaches the birefringent structure of 
the RNFL, a phase-shift, i.e., light retardation, occurs. The amount of retardation 
is directly proportional to RNFL thickness. Since the retardation can occur at the 
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cornea and lens, not just at the RNFL, proper compensation is necessary. After 
patient-specific compensation is performed, the amount of retardation is calculated 
pixel-wise and displayed in a map of the scanned area.

2.2 Wavelet-Fourier analysis (WFA)
Complete details of the WFA analysis are available elsewhere.23 Briefly, while 
fast-Fourier analysis (FFA) is a good candidate for analyzing non-stationary signals 
such as 1D TSNIT RNFL data, it has one drawback. In transforming to the frequency 
domain, the non-periodic local information is lost. Wavelet analysis (WFA) can 
overcome such a drawback by revealing the hidden aspects, such as breakdown 
points, discontinuities in higher derivatives, and self-similarity.23 One major 
advantage of the WA is that it can perform local analysis, which analyzes a localized 
area of a larger signal using flexible wavelets. A wavelet is a waveform of effectively 
limited duration that has an average value of zero. Comparing wavelets in the WFA 
with the sinusoidal waves of the FFA, wavelets are more irregular and asymmetric 
with limited duration. For many signals, the low-frequency content is the most 
important part, providing the signal its identity. The high-frequency content, on the 
other hand, imparts unique characteristics. Hence, WFA has two filtering processes 
that obtain two different types of coefficients: approximation coefficients and 
detail coefficients. The approximation coefficients are the high-scale, low-frequen-
cy components of the signal. The detail coefficients are the low-scale, high-frequen-
cy components. These two processes constitute so-called wavelet decomposition. 
WFA is performed by applying a discrete-wavelet transform (DWT), resulting in the 
approximation and the detail coefficients.23 A DWT is applied to the approxima-
tion coefficients to produce second-level results that are used in the subsequent 
analysis. The detail coefficients are processed using fast-Fourier transform (FFT) to 
obtain high-frequency information. The DWT and FFT are repeated on pre-deter-
mined scales using the amplitude to maximize performance.

2.3. Fast-Fourier analysis
The discrete Fourier transformation breaks down a statistically varying signal into 
the elements of sinusoids of different frequencies so that it may transform the input 
signal from time-domain to frequency-domain. FFA is useful when the valuable 
information of the signal frequency is intended to be obtained and utilized. Mathe-
matically, the process of FFA is represented by the Fourier transform, which is the 
sum over all time of the input signal, multiplied by a complex exponential.24 In actual 
computer simulation, the Fourier transform is done in a discrete manner, yielding 
discrete Fourier coefficients. The fast-Fourier transform (FFT) is a computationally 
efficient implementation of the DFT that achieves the same results more quickly. 
Using these fast-Fourier coefficients, the composite function is obtained, allowing 
the constituent sinusoidal components of the original signal to be traced. In this 
study, the FFA is applied to the RNFL thickness data obtained from SLP.
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2.4. Fractal analysis (FA)
A fractal is a rough or fragmented geometric object with an infinite nesting of 
structure at all scales. Each fractal is a reduced-size copy of the whole, which 
accounts for localized variation. In fractal analysis, the non-integer fractal 
dimension (FD) represents the quantitative measurement of the fractal object. For 
estimating FD, we use a box-counting (BC) and a multi-fractional Brownian motion 
(mBm) method. The BC method calculates the FD features for each size of the 
boxes by dividing a 2D image into boxes of predetermined size, r, and counting the 
number of the occupied boxes, N, needed to capture the signal values. The resulting 
FD features are the ratios between the logarithmic values of N and 1/r. The mBm 
method calculates the FD features by adopting a continuous Gaussian process that 
measures a Holder exponent. 

2.5. Structure-function relationships
A quantitative model relating structure (RNFL thickness or retinal ganglion cell 
(RGC) counts) and function (visual field sensitivity) is helpful in utilizing both 
structural and functional data for the diagnosis of glaucoma. The Hood-Kardon 
model is based on the linear structure-function relationship and predicts structural 
data (i.e., RNFL thickness) from functional data (i.e., visual field sensitivity). This 
model has shown limited accuracy due to the fact that the linear relationship holds 
for the peripheral visual field, whereas the relationship for the central visual field 
is non-linear. In addition, it has been shown that this model does not perform well 
in subjects with normal eyes. The Hockey-Stick model adopts two different rela-
tionships in two different regions that best describes the structure-function rela-
tionship. The first region involves the area surrounding the macula with a slope of 
0.16, while elsewhere with a slope of 1. This two-line or Hockey-Stick model has 
provided a reasonable fit for all regions with the sharp breakpoint being smoothed 
or avoided. Recently, Yousefi et al. employed the concatenation of structural and 
functional features without consideration of any inherent structure-function rela-
tionship for feature fusion.21 The structural features were obtained from ocular 
coherence tomography (OCT) RNFL thickness measurements, while functional 
features were the threshold values of the VF tests. Next, correlation-based feature 
subset selection (CFS) was used to select a subset of the best performing features 
out of a pool of features. The selected correlation coefficients were used to enhance 
the AUROC performance metric. 

Unlike the models mentioned above, our proposed method considers the inherent 
structure-function relationship in multiple structural and functional regions. We 
obtain the relative importance of these structural-functional region pairs using 
correlation and retain only four pairs of regions for subsequent processing for 
glaucoma diagnosis.
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3. Materials and methods  

Figure 1 shows the overall flowchart of the proposed selective feature fusion method 
using fractal features from structural and functional test measurement data for 
improved glaucoma detection. In this study, we used 154 eyes (77 glaucomatous, 
34 left-eyes, and 44 females; and 77 normal, 35 left eyes, and 51 females). Average 
age for these 154 patients was 57.06 with a standard deviation of 11.82. While 
approximately matched for age, the glaucomatous (mean age of 59.0) and normal 
(mean age of 55.1) patient groups showed a significant age difference (independent 
samples t-test t = -2.13, P = 0.036). We performed a statistical analysis by calculating 
sensitivity, specificity, and AUROC, and then compared the performance of the new 
method against that of existing feature-based techniques such as WFA and FFA. We 
briefly discuss each step in Figure 1.

Fig. 1. Flowchart of a selective feature-based fusion method using fractal features from 
structural and functional test measurement data for glaucoma detection.



Selective fusion of structural and functional data... 89

3.1. Functional analysis
The functional analysis begins by labeling the VF sensitivities at each of the 59 
locations (Octopus Perimeter, Normal G2 program, Haag-Streit AG, Koeniz-Berne, 
Switzerland) using a novel labeling methodology. For the labeling methodology, 
all 59 VF points are arranged corresponding to the visual sensitivities into 1D data 
vectors by labeling and regrouping them using the following pre-determined 
labeling indices. Unlike other types of labeling, such as the raster scan method,25 
VF points are labeled clockwise for left eyes and counterclockwise for right eyes. 
This labeling is consistent with the one proposed by Holló et al.26 Figure 2 shows the 
proposed labeling methodology of the 59 VF test points. 

In Figure 2, the labeling starts from the center point and moves to the point that is 
located either at 45° for the left eye or 135° for the right eye. Subsequent points are 
followed clockwise for the left eye and counterclockwise for the right eye. Once the 
labeling is done, all the VF points of a specific patient are obtained in vector form. 
These VF data vectors are stacked together for all the patients.

3.2. Structural analysis
For 2D structural analysis, we obtain a region of interest (ROI) in a real 2D 256 × 128 
RNFL image data as follows. To obtain the best ROIs, we first obtain the square-
shaped boxes that include the areas surrounding the optic disc. The squares that 
include the optic disc are excluded since the features from the optic disc do not 
contain useful information. The resulting outer box size is 95 × 95, while that for the 
inner box is 47 x 47. An example ROIs for a patient is shown in Figure 3. We then 
use the piecewise triangular prism surface area (PTPSA) method for FD feature 
extraction.27,28 

Fig. 2. The proposed labeling of visual field (VF) points in our work.
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3.3. Selective feature-based fusion of 
structural and functional data
In this section, the sector-wise structural 
and functional relationship for selective 
feature fusion for improved glaucoma 
detection is discussed. Figure 4 shows a 
mapping between the 1D 64-point TSNIT 
RNFL data and 59 VF test points in ten sectors 
according to polar angle segmentation.29 In 
order to show an example mapping, the 1st 

RNFL zone (0-70°) is associated with the four 
VF points in the 1st VF sector, as shown in 
Figure 4. Note that while polar angle analysis 
is done in a clock-wise way, the sectors are 
labeled in a counter-clock-wise way due to 
the fact that RNFL defects and VF defects are 
vertically mirrored. To ascertain the degree 
of association between the sectors of the 
1D TSNIT RNFL and VF data, we obtain the 
scatter plots between the 1D TSNIT RNFL 
vs VF data for all 154 patients. We show a 
few out of the ten corresponding sectors in 
Figure 5. On each sector scatter plot, linear 
regression analysis has been performed 
to analyze the association between the 1D 
TSNIT RNFL and VF data. 

Fig. 3. An example of a patient (A) outer box (95 × 95) (B) inner box (47 × 47).

Fig. 4. VF sectors and their correspond-
ing optic disc polar angle sectors.18
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We then compute the degree of association for each sector using Pearson’s 
correlation coefficients. Figure 6 shows the different degrees of association for 
the different sectors. The four sectors with the strongest associations based on 
Pearson’s coefficents are selected. We then discard the information in the other 
sectors and utilize only the 2nd, 3rd, 8th, and 9th sectors that are weighted with the 
global coefficients, as shown in Figure 6. Therefore, we use 40% of the RNFL TSNIT 
and VF data for the rest of this study.

Fig. 5. Examples of scatter plots showing the association between the TSNIT measured by 
SLP and VF measured by SAP in each sector (2nd, 3rd, 8th, and 9th).
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4. Results 

4.1. Functional analysis
Figure 7 shows the VF data points from normal and glaucomatous eyes (right and 
left) for all 154 eyes. As discussed earlier, these VF data points have been labeled 
and plotted separately for comparison purposes. 

Note in Figures 7b, 7d, 7f, and 7h that the right and left eyes in each group (i.e., 
normal and glaucomatous eyes) have similar shapes, respectively. For normal eyes, 
as shown in Figures 7a and 7c, the plots show monotonically decreasing values 
without much variation. However, the shape of glaucomatous eyes has very different 
values than that of normal eyes, as shown in Figures 7 (e) and (g), wherein there are 
considerable irregularities and abrupt changes. Such differences and changes in the 
shape of the VF data points between normal and glaucomatous eyes justify the use 
of feature-based techniques such as FFA, WFA, and FA. 

Fig. 6. Selected global coefficients for 
sectors and their corresponding VF 
sectors.
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Fig. 7. 1D visual field (VF) raw threshold data in dB for normal and glaucoma eyes is plotted 
for the right and left eye separately: (a) normal right eyes; (b) mean value of normal right 
eyes; (c) normal left eyes; (d) mean value of normal left eyes; (e) glaucomatous right eyes; (f ) 
mean value of glaucomatous right eyes; (g) glaucomatous left eyes; (h) mean value of glau-
comatous left eyes. 



Table 1. The comparison of sensitivity, specificity, and AUROC for functional analysis

Methods (Sensitivity/Specificity/AUROC)
(Sensitivity at 80; Sensitivity at 90)

FFA 0.84/0.99/0.87
(0.84; 0.84)

WFA 0.84/0.99/0.87
(0.84; 0.84)

FA (BC + mBm) 0.92/0.99/0.95
(0.92; 0.92)

Table 2. Comparison of AUROC for 1D TSNIT RNFL analysis

Methods (Sensitivity/Specificity/AUROC)
(Sensitivity at 80; Sensitivity at 90)

FFA 0.87/0.93/0.89
(0.87; 0.87)

WFA 0.87/0.93/0.91
(0.87; 0.87)

FA 0.90/0.92/0.91
(0.94; 0.73)

Table 3. AUROC comparison for real 2D RNFL analysis without optic disc

Methods (Sensitivity/Specificity/AUROC)
(Sensitivity at 80; Sensitivity at 90)

FFA 0.92/0.92/0.91
(0.95; 0.92)

WFA 0.88/0.87/0.91
(0.90; 0.81)

FA 0.92/0.90/0.92
(0.95; 0.90)
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Table 1 shows the comparison of sensitivity, specificity, and AUROC for FFA, WFA, 
and FA for VF data analysis for all 154 patients. In Table 1, our fractal analysis (FA) fea-
ture-based technique performs the best among all feature-based techniques with 
corresponding AUROCs for FFA, WFA, and FA being 0.87, 0.87, and 0.95, respectively 
(FFA vs FA, P < 0.05; WFA vs FA, P < 0.05; FFA vs WFA, P < 0.05). The best performance 
of fractal analysis features demonstrates that embedded irregularity in VF data has 
been well characterized. 



Table 4. AUROC comparison of structural, functional data and their selective fusion for raw, 
FFA, WFA, and FA after the cluster-wise multiplication of Pearson’s correlation coefficients

Methods

(Sensitivity/Specificity/AUROC)
(Sensitivity at 80; Sensitivity at 90)

Structural 
(RNFL)

Functional 
(VF)

Fusion of all VF 
and RNFL data

Selective fusion of 
40%
VF and RNFL data

Raw 0.84/0.91/0.94
(0.92; 0.84)

0.78/0.99/0.92
(0.88; 0.79)

0.87/0.97/0.96
(0.92; 0.90)

0.96/0.90/0.98
(0.96; 0.95)

FFA 0.87/0.90/0.94
(0.90; 0.84)

0.78/0.96/0.92
(0.88; 0.79)

0.86/0.99/0.96
(0.96; 0.87)

0.96/0.94/0.98
(0.97; 0.96)

WFA 0.84/0.95/0.94
(0.88; 0.84)

0.84/0.99/0.94
(0.91; 0.86)

0.87/0.94/0.96
(0.94; 0.87)

0.94/0.94/0.98
(0.95; 0.94)

FA 0.81/0.91/0.90
(0.84; 0.81)

0.88/0.95/0.93
(0.88; 0.88)

0.92/0.94/0.98
(0.97; 0.92)

0.91/0.99/0.99
(1.00; 0.95)
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The novel FA technique outperforms other feature-based techniques such as FFA 
and WFA by a margin of 8% in the functional analysis. However, comparison of our 
feature-based results with that of the mean deviation (MD) method suggests that 
the MD method shows an AUROC of 0.98 (does not differ significantly, P > 0.5). 

4.2. Structural analysis
Using FA along with FFA and WFA features for 1D and 2D RNFL structural analyses 
yields the following results. Table 2 compares AUROC for 1D RNFL structural 
analysis, while Table 3 does the same for 2D RNFL structural analysis. We use the 
same PTPSA method for computing FD in this analysis. We then compute the AUROC 
that discriminates between glaucoma and normal patients with selected classifiers 
based on FFA, WFA, and FA features extracted from the ROIs of real 2D RNFL image 
data. Note that both 1D and 2D RNFL data analyses, even with our novel fractal 
features from real 2D RNFL image data, are not comparable to the 0.94 AUROC of 
the standard machine method known as the Nerve Fiber Index (NFI). There may 
be several reasons for this. First, literature review shows that real 2D RNFL images 
may not provide a better representation of glaucoma characteristics than 1D TSNIT 
RNFL. Second, we choose specific ROIs for real 2D analysis as square-shaped when 
the better representation may be circular-shaped. Since separate feature-based 
analyses of VF and RNFL data do not offer better glaucoma detection performance, 
we investigate fusion analysis for these data next.
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4.3. Selective features-based fusion
For comparison, the AUROCs results for structural, functional, and selective feature 
fusion using raw data, FFA, WFA, and FA features are shown in Table 4, respectively. 
Table 4 shows that all simple fusion methods on raw data, FFA, WFA, and FA features 
enhance classification performance. The last column in Table 4 shows that the 
proposed selective fusion method using FA features slightly outperforms all fea-
ture-based and MD methods with an AUROC of 0.99. It should be noted that this 
improvement is obtained with only 40% of VF and RNFL data. It also outperforms 
the simple feature concatenation method (FA (BC + mBm)), whose accuracy is 95% 
(P < 0.05).

5. Discussion

This study indicates the potential efficacy of selective feature fusion of structural 
and functional data for improved glaucoma detection. A novel labeling methodology 
is applied to VF data to obtain the 1D VF data vectors. Sophisticated FA features 
are extracted from both SF and structural RNFL data for selective feature fusion. 
The results in this paper show that the FA feature-based technique effectively 
exploits the shape features from VF data to perform as well or better than other 
feature-based techniques with corresponding AUROCs. 

The efficacy of selective feature fusion of structural and functional data for 
improved glaucoma detection is demonstrated next. The proposed novel selective 
feature fusion exploits the inherent correspondence between RNFL and VF data 
using a lookup-type method. It is shown that selectively choosing 40% of the 
combined RNFL and VF data can effectively capture the inherent correspondence 
for improved glaucoma detection. Statistical analyses show that the proposed 
selective feature fusion method of structural and functional data does as well or 
better than existing WFA and FFA, with AUROCs of 0.98, 0.98, and 0.99, respectively.

Examining the application of shape-based analysis on the visual field data we 
find that the FA analysis outperforms the WFA and FFA by 8%; however, it is not 
superior at discrimination when compared to the MD as measured by visual fields. 
There are several possible reasons as to why our proposed feature-based results 
may not be as good as using the MD method. First, the patient group we studied may 
not reflect enough local variation or randomness in their original VF data (this will 
be considered in a future report). Hence, a global index such as MD performs well, 
whereas local feature-based techniques such as FFA, WFA, or FA may not perform as 
well. Second, even with the novel labeling methodology, the VF data vectors may not 
reflect structural information in the case of the RNFL. Consequently, performance 
may not be comparable. To address this issue, we utilize the topographic corre-
spondence between structural and functional test measurement data to fuse useful 
information from both domains for improved glaucoma detection.
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Yousefi et al.21 has recently published a study combining structure and function 
results. They acquired a total of 61 features: 7 points (6 RNFL sectoral data points 
plus 1 global metric) from structural data and 54 points from functional SAP data. 
Different machine-learning classifiers, such as Bayesian network, are applied to the 
concatenated data. Unlike the simple concatenation of raw structural and functional 
data used as input features in Yousefi et al.,21 the features in this study are combined 
considering inherent structural-functional regional correspondence. Furthermore, 
the current study obtains sophisticated FD from both structural and functional data. 
The authors in Yousefi et al.21 focused on comparing the longitudinal progression of 
glaucoma by obtaining differentials of the time-relapsed data. In comparison, our 
focus in this work has been differentiating between glaucomatous and normal eyes 
by exploiting the inherent structural-functional relationship. Yousefi et al.21 have 
found the correlation coefficients against the discriminating power, thus ranking all 
61 features from highest to lowest. They further conclude that retaining the ten best 
features offers the best AUROC (0.88) for discriminating progressive glaucoma from 
stable patients. In comparison, the proposed selective feature fusion method in this 
study retains four corresponding structure-functional sectors based on the highest 
correlation coefficients that reflect inherent correspondence. This structure-func-
tional correspondence may best exploit the topographic sector-wise relationship of 
the structural and functional data, unlike the work reported in Yousefi et al.21

Glaucoma diagnosis and management are both facilitated and complicated by the 
various structural and functional methods available for ocular evaluation. Obtaining 
and unifying data and cross-confirmation of structural and functional results can 
indeed help to improve diagnostic ability and may have an application in detecting 
progression. In this study, we have developed techniques that can combine retinal 
nerve fiber layer data and visual field data to one unified classifier. It is relatively 
simple to use these shape-based techniques in devices that measure the nerve fiber 
layer. The results in the present and previous studies show that glaucoma diagnosis 
and progression detection can be improved used these methods. Manufactur-
ers could consider applying these methods to the data and produce output that 
may benefit the clinical use of these devices. In our future work, patient-specific 
structure-functional relationship may be exploited for selective feature selection 
rather than group-wise processing, as has been done in this study. Now that 
these methods have been implemented and their potential demonstrated, future 
research will compare them more rigorously using cross-validation methods and 
distinct samples. Furthermore, for improved processing of real 2D structural image 
data, we plan to investigate circular-shaped ROIs that may provide better diagnostic 
capability for glaucoma detection.
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Abstract

Aim: Previous studies have shown that the trabecular meshwork (TM) is mechan-
ically stiff er in glaucomatous eyes as compared to normal eyes. It is believed that 
elevated TM stiff ness increases resistance to the aqueous humor outflow, producing 
increased intraocular pressure (IOP). It would be advantageous to measure TM 
mechanical properties in vivo, as these properties are believed to play an important 
role in the pathophysiology of glaucoma and could be useful for identifying potential 
risk factors.  The purpose of this study was to develop a method to estimate in-vivo TM 
mechanical properties using clinically available exams and computer simulations. 
Design: Inverse finite element simulation
Methods: A finite element model of the TM was constructed from optical coherence 
tomography (OCT) images of a healthy volunteer before and during IOP elevation. An 
axisymmetric model of the TM was then constructed. Images of the TM at a baseline 
IOP level of 11, and elevated level of 23 mmHg were treated as the undeformed and 
deformed configurations, respectively. An inverse modeling technique was subse-
quently used to estimate the TM shear modulus (G). An optimization technique was 
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used to find the shear modulus that minimized the difference between Schlemm’s 
canal area in the in-vivo images and simulations. 
Results: Upon completion of inverse finite element modeling, the simulated area of 
the Schlemm’s canal changed from 8,889 μm2 to 2,088 μm2, similar to the exper-
imentally measured areal change of the canal (from 8,889 μm2 to 2,100 μm2). 
The calculated value of shear modulus was found to be 1.93 kPa,  (implying an 
approximate Young’s modulus of 5.75 kPa), which is consistent with previous ex-vivo 
measurements. 
Conclusion: The combined imaging and computational simulation technique 
provides a unique approach to calculate the mechanical properties of the TM in vivo 
without any surgical intervention. Quantification of such mechanical properties will 
help us examine the mechanistic role of TM biomechanics in the regulation of IOP in 
healthy and glaucomatous eyes.

Keywords: Inverse algorithm, glaucoma, intraocular pressure (IOP), Schlemm’s 
canal, trabecular meshwork 

1. Introduction

Glaucoma is a major health concern and a leading cause of blindness, affecting 
more than 3 million people in the US and 63 million people worldwide.1,2 Globally, 
the number of glaucomatous bilateral blindness cases is expected to exceed 11 
million by 2020;3 it has been estimated that, by 2040, 111.8 million people will 
have glaucoma worldwide.1 Glaucoma is the cause of blindness for 120,000 people 
in the US, accounting for 9–12% of all cases of blindness.3,4 Elevated intraocular 
pressure (IOP), a risk factor for glaucoma, could be caused by increased resistance 
to the outflow of aqueous humor. Aqueous humor exits the anterior eye through 
two pathways: the trabecular meshwork (TM) pathway, accounting for ~60% of the 
outflow, and the uveoscleral pathway.5 The TM pathway begins at the apex of the 
iridocorneal angle. It continues through the trabecular tissue, across the inner wall 
of Schlemm’s canal, into the canal’s lumen, and into the collector channels. This 
pathway ultimately leads the aqueous humor to the episcleral venous circulation.6 

IOP increases with respect to normal conditions both if the resistance to aqueous 
outflow or the aqueous production rate increases.

The TM comprises three different layers: the innermost portion of the TM (the 
iridic and uveal areas), the central corneoscleral part (which lies between the cornea 
and scleral spur), and the outermost juxtacanalicular (JXT) part or cribriform layer 
(which lies between the corneoscleral layer and the inner wall of Schlemm’s canal).7 

Different studies have attributed the outermost JXT layer as the site of the outflow 
resistance.8,9 The endothelial cells contained in the JXT tissue outer region lines the 
inner wall of Schlemm’s canal, an oval shaped structure that collects aqueous humor. 
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The extracellular matrix (ECM) of the various layers of the TM consists of a number of 
components such as collagen fibrils, elastic fibers, microfibril, and sheath-derived 
materials along with basement membrane proteins, type IV collagen, laminin, pro-
teoglycans, and glycosaminoglycans.10 In glaucomatous eyes, significant changes 
in the components comprising the ECM and in TM cells have been identified. Three 
examples of such changes in the TM at the cellular/ECM level are listed below: 

1.	 Primary open-angle glaucoma (POAG) is associated with an excessive accu-
mulation of sheath-derived plaques in the TM in comparison to the normal 
eye.11

2.	 In steroid-induced glaucoma, the accumulation of the extra cellular materials 
has shown to be present; however, unlike POAG, the material was found to 
be in a fingerprint-like morphology that resembled basement membranes 
throughout all layers of the TM.12

3.	 In pigmentary glaucoma, TM cell loss has been found to be prominent.13,14 In 
addition to the trabecular cells loss, Gottanka et al. found other distinctive 
changes including trabecular lamellae fusion, collapse of the intertrabecu-
lar space, increase in extracellular material, and canal obliteration in eyes 
suffering from pigmentary glaucoma.13

It is also noteworthy that the cellularity of the TM decreases with age, a known risk 
factor for glaucoma.15,16 These changes in the TM at the cellular/ECM level may affect 
its tissue-level mechanical properties. Since tissue-level mechanical properties 
are parameters that can be quantified using standard bench-top methods, they 
are a good candidate for comparative studies between normal and glaucomatous 
tissues. In particular, previous studies have attributed the stiffness of the TM as an 
indicator for glaucoma. For instance, Last et al.17 found TM stiffness to be consider-
ably higher in POAG eyes compared to that of normal eyes. They hypothesized that 
the underlying cause for the higher stiffness value in glaucomatous eyes, i.e., the TM 
changes at the cellular/ECM level, contributed to the decreased permeability of the 
TM to the aqueous humor outflow. Similarly, Russel et al.18 observed that glaucoma-
tous TM cells were significantly stiffer than those in a normal TM. 

The above studies clearly show an important correlation between glaucoma and 
increased TM stiffness. All these studies, however, are limited in application, as they 
have been conducted using isolated tissue samples. Specifically, previous studies 
in other tissues have shown that mechanical loading and calculated mechanical 
properties could be significantly different in the in-vivo and ex-vivo environments.19 
In addition, using ex-vivo samples significantly limits the applicability of the 
measurement as a diagnostic tool in the future. To bridge this knowledge gap, we 
propose a new method to determine the mechanical properties of the TM in vivo 
without the need for any surgical intervention by employing computer simulations 
and clinically available non-invasive TM imaging techniques. 
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2. Methods

2.1. Imaging and segmentation
The temporal limbus of a healthy subject (female, age 26 years) was imaged using 
optical coherence tomography (OCT, Cirrus, Zeiss, Dublin, CA) at baseline and 
during IOP elevation. IOP was elevated using an ophthalmodynamometer (Bailliart 
ophthalmodynamometer, W. Koch Optik, Zurich, Switzerland) applying a 10-g 
force to the sclera. IOP was also measured at baseline and during IOP elevation by 
Goldmann applanation tonometry. The tip of the ophthalmodynamometer was 
placed temporal to the cornea, midway between the limbus and lateral canthus. 
A team of three researchers, one operating the OCT or Goldmann applanation 
tonometer, one applying pressure to the sclera, and one assisting the patient with 
head placement in the headrest, was used. The corresponding locations on the 
Schlemm’s canal were identified in radial OCT cross-sectional B-scans based on the 
pattern of the limbal vessel crossings.20 The images were segmented manually using 
the GNU Image Manipulation Program (GIMP 2.8.14) into air, cornea/limbus/sclera 
complex, Schlemm’s canal, TM, anterior chamber, iris, supracilliary space, and 
“deeper structures” (those beyond the limit of penetration of the OCT scan) (Fig. 1).

2.2. Governing equation
An axisymmetric model of the TM was constructed, similar to our previous finite 
element models of the anterior eye.21-24 The TM was modeled as a neo-Hookean 
solid material. The governing stress balance equation is given by:

Fig 1. (A) B-scan and (B) segmented images of the TM at baseline IOP, and (C) B-scan and (D) 
segmented images of the TM at elevated IOP. Scale bars are 250 µm (horizontal and vertical 
scale bars are of diff erent length as the scans have a diff erent aspect ratio).
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​​▽ . σ = 0 								        (1)

where σ represented the Cauchy stress tensor: 

​σ = ​  G _ det F ​​ ​​(B - I)​ + ​  2Gv ___ ​(1 - 2v)​ det F ​ ln​(det F)​ I​					     (2)

where G was the shear modulus, v was the Poisson’s ratio, I was the identity tensor, F 
was the deformation gradient tensor, and B was the left Cauchy–Green deformation 
tensor. The tensors F and B were defined as:

​F = ​ dx _ dX ​​  								        (3)

B = ​​FF​​ T​​,								        (4)	
	

where x was the current position of a material point and X was its resting position. 

2.3. Meshing
The finite element meshes were generated based on TM geometry segmented from 
in-vivo images according to the following steps:

1.	 The segmented TM images with the appropriate aspect ratio (Fig. 2A) were 
imported in SolidWorks (Dassault Systèmes, Velizy-Villacoublay, France) 
and the boundaries of the TM section were manually tracked and obtained 
(Fig. 2B). 

2.	 The SolidWorks output file was then imported into Abaqus (Dassault 
Systèmes, Velizy-Villacoublay, France) and meshed using a paving approach 
(Fig. 2C). 

3.	 As Abaqus was capable of generating only 8-node quadrilateral elements, 
the output of the Abaqus mesh was subsequently imported into an internally 
developed C code, which was used to add an extra node to the elements to 
generate 9-node bi-quadratic quadrilateral finite elements.

The 9-node bi-quadratic quadrilateral elements were subsequently used in our 
internally developed inverse finite element code, as described in the next section. 

2.4. Inverse finite element modeling
A pressure boundary condition with the constant value of IOP was applied along 
the boundary elements of the TM domain facing the iridocorneal angle (shown by 
solid arrows in Fig. 3C). The pressure boundary condition was applied to mimic the 
changes in the IOP in-vivo. In particular, since the IOP of the undeformed configu-
ration was 11 mmHg and the IOP of the deformed configuration was 23 mmHg, the 
difference of 12 mmHg was applied as the pressure boundary condition. The TM 
boundaries that connect it to the much stiffer surrounding tissues (Fig. 3C) were 
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Fig 2. (A) A segmented image of the TM. (B) TM image imported to SolidWorks (Dassault 
Systèmes, Velizy-Villacoublay, France) to generate the coordinates of the TM boundaries. 
(C) Finite element meshes generated using Abaqus (Dassault Systèmes, Velizy-Villacoublay, 
France).

Fig 3. Segmented images of the trabecular meshwork in (A) undeformed and (B) deformed 
configuration. Finite element mesh and boundary of the trabecular meshwork in (C) 
undeformed and in (D) deformed configuration, respectively. The boundary of the deformed 
configuration is provided only for identifying the Schlemm’s canal area. In (C) the orange 
lines represent the fixed boundary condition, whereas the black edge represents the region 
where the pressure was applied.
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assumed to have negligible deformation in comparison to the rest of the tissue. Thus, 
a fixed boundary condition was chosen for these regions. An additional contact 
stress, σcontact, was applied along the boundary of Schlemm’s canal to prevent tissue 
penetration into the stiffer scleral tissue: 

​​σ​ contact​​​ = A ​​e​​ -​ d _ E ​​​ n⨂n							       (5)

where d is the shortest distance between the TM and the sclera, A and E are 
adjustable coefficients, n is the normal vector to the boundary, and ⨂ is the dyadic 
operator.

We then used an inverse modeling approach25 to calculate the shear modulus G 
from the experimental deformation data using a differential algorithm. The material 
was assumed to be nearly incompressible, so a Poisson’s ratio (v) of 0.49 was used. 
The basic overview of the process is given in the flowchart shown in Figure 4. The 
objective function was defined as absolute value of the difference between the 
Schlemm’s canal area of the experimental measurements ​​SC​ exp​​​ (the shaded area in 
Fig. 3D) and the genetically driven finite element solution SCsim (the shaded area in 
Fig. 3C after the deformation is applied):

Fig 4. Inverse algorithm flowchart.
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Error = |SCexp-SCsim |							       (6)

The initial guesses for G were chosen between 10 kPa and 90 kPa. The simulations 
were performed using an HP Intel Xeon machine at the Ohio Supercomputer Center 
(Columbus, OH, USA).26 The inverse algorithm ran for 50 generations to ensure the 
convergence of the solution. 

3. Results

From the optimization technique, a value of 1.93 kPa was obtained for the TM shear 
modulus, G. The simulated area of the Schlemm’s canal was found to be ~2,088 μm2 
(the area of the undeformed configuration was ~8,889 um2) whereas the area of the 
experimental image was found to be ~2,100 μm2. Figure 5 shows the simulated result 
of TM using a shear modulus of 1.93 kPa (a) without and (b) with the application of a 
contact force. The optimization convergence was independent of our initial guesses, 
and the broader ranges of initial guesses only increased the computational time. On 
average, the solution process took approximately 300 minutes (for 50 generations, 
the number of iterations for optimizing G). 

Fig 5. Simulated results of the deformation of the TM (A) without the application of contact 
force (the marked circle denotes the penetration of the TM into the stiffer scleral tissue) and 
(B) with the application of contact force. 
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4. Discussion

The best estimation of compressive Young’s modulus of elasticity (E) was obtained 
in a study by Last et al., with an atomic force microscopy measurement of dissected 
TM tissues.18 They found that TM tissue from a non-glaucomatous donor eye had a 
modulus of elasticity of approximately 4 kPa.  In our study in a living eye, we found 
a shear modulus value of 1.93 kPa, which is approximately equivalent to an elastic 
modulus of 5.75 kPa. Similarly, the use of the additional contact force did not have a 
dramatic effect on the optimized value of the shear modulus, and G was found to be 
2.0 kPa (~4% different from 1.93 kPa) when the contact force was not applied. Our 
measurement in the living eye was only slightly larger than that of excised tissues. 

Using simplified beam theory, Johnson et al. estimated the TM elastic modulus 
to be 128 kPa (approximately equivalent to a shear modulus value of 43 kPa), which 
is substantially higher than our estimated value.27 The simplified geometry and 
material models used in the study of Johnson and colleagues could have contributed 
to the different outcomes: we used a nearly incompressible neo-Hookean solid 
as our material model, whereas they employed a linear elastic material model. In 
addition, we did not simplify the TM deformation to a beam bending model. Camras 
et al., using uniaxial stretching experiments, found the circumferential elastic 
modulus of a normal TM to be 51.5 ± 13.6 MPa28 and that of a glaucomatous TM to be 
17.5 ± 5.8 MPa.15 Clearly, the reported modulus values in the literature span a large 
spectrum, with a difference of nearly three orders of magnitude. One reason for such 
discrepancy could be the way of measuring the stiffness. Camras et al. measured 
the axial stiffness using larger tissue strips, whereas Last et al. only measured the 
local compressive stiffness on a cellular level. It is noteworthy that, none of these 
ex-vivo methods accurately encompass the mechanical response of the TM in vivo. 
In this study, we attempted to capture the in-vivo response of the TM at a tissue 
level. Another reason could be the difference between cadaveric eyes used in the 
conventional testing methods and our measurements in vivo. Nonetheless, more 
research is needed to increase the number of experimental fittings both in multiple 
levels of IOP measurements and among additional volunteers using our technique. 
Using a wider range of samples will help us discern the interplay of the mechanical 
properties of the TM and regulation of IOP in healthy and glaucomatous eyes. More 
detailed studies to identify the differences between the TM of normal and glaucoma 
subjects by testing a sufficient number of cases so as to allow a suitable statistical 
analysis are necessary.

In the realm of biomechanics, most soft tissues are treated as incompress-
ible (or nearly incompressible) materials since they consist largely of water.29 

However, when there is a fluid motion within the tissue, more complex constitutive 
models, involving mixture or poroelasticity theory, are available to account for the 
fluid-solid interaction.30-32 Implementation of such complex models in the inverse 
finite element analysis of TM deformation requires more than one fitting parameter. 
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Increasing the number of fitting parameters could jeopardize the uniqueness of the 
solution. As such, in the current study, we opted to use a more generalized nearly 
incompressible model to simulate the deformation of the TM, and we employed 
only the shear modulus as our fitting parameter. We have previously used smaller 
values of Poisson’s ratio as an indicator of compressibility in the simulation of iris 
deformation.24 In our future studies, we aim to perform parametric studies using 
our finite element model and examine the influence of TM compressibility on the 
calculated value of the shear modulus. In addition, inverse finite element modeling 
using both the shear modulus and Poisson’s ratio as the fitting parameters can be 
performed, if necessary.  

In inverse modeling of complex geometries, the choice of objective functions 
can affect the quality of the fitting process.33 In our study, the Schlemm’s canal 
boundary was detected with a high level of confidence. As such, the experimental 
errors due to segmentation were minimized with the choice of Schlemm’s canal 
area as the objective function. In addition, changes in the Schlemm’s canal area 
corresponded to lateral deformation of the TM. Segmentation of the TM from the 
surrounding tissues is not as trivial; consequently, change in the cross-sectional 
area of the TM was not used as an objective function in our current study. If future 
advances in medical imaging provide more reliable methods for detecting the 
boundary between the TM and the surrounding tissues, the fidelity of Schlemm’s 
canal as the objective function in comparison to the other possible alternatives 
should be examined.

5. Conclusion

Our proposed technique provides a new approach to quantify the mechanical 
properties of the TM in vivo by using only clinical imaging and computer simulations 
without the need for any surgical intervention. Our technique could provide a 
framework for the development of future diagnostic techniques to detect glaucoma 
at its earlier stages and for assessment of treatment methods that could bring TM 
stiffness to its normal values.
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